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Degenerate plasmas with motionless ions show existence of three surface waves: the Langmuir
wave, the electromagnetic wave, and the zeroth sound. Applying the separated spin evolution quan-
tum hydrodynamics to half-space plasma we demonstrate the existence of the surface spin-electron
acoustic wave (SSEAW). We study dispersion of the SSEAW. We show that there is hybridization
between the surface Langmuir wave and the SSEAW at rather small spin polarization. In the hy-
bridization area the dispersion branches are located close to each other. In this area there is a
strong interaction between these waves leading to the energy exchange. Consequently, generating
the Langmuir waves with the frequencies close to hybridization area we can generate the SSEAWs.
Thus, we report a method of creation of the SEAWs.
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Keywords: surface waves, spin waves, acoustic waves, quantum plasmas, quantum hydrodynamics
Plasmonics is a great field of technological application
of plasmas [1], [2]. Key role in plasmonics belongs to
the surface Langmuir waves or surface plasmons [3], [4].
On the over hand, the materials with the partial spin
polarization of the carriers reveal the existence of spin-
electron acoustic waves (SEAWs) [5], [6]. Quantum of
the SEAWs is called spelnon. The spelnons in the bulk
materials exist simultaneously with the bulk plasmons,
but the spelnons have smaller energies than the energy
of plasmons as it is shown in Ref. [5]. SEAWs in 2D
structures, they are also called spin-plasmons, are con-
sidered in Refs. [7]-[11]. Their spectrum for plane-line
two-dimensional structures is described in Refs. [7], [8]
for the external magnetic field perpendicular to the plane.
Contribution of the cyclotron motion in the spectrum is
described in [7]. Influence of the disorder on properties
of spin-plasmons is described in Ref. [11]. A possibility
of the spin-electron acoustic soliton formation due to the
non-linear evolution of perturbations in the partially spin
polarized electron gas was demonstrated in Ref. [12]. It
was shown that the electron-spelnon interaction leads to
the Cooper pair formation ensuring a mechanism for the
high-temperature superconductivity [13]. Experimental
analysis of surface spin waves and spin waves in thin films
is a subject of current research (see for instance [14])
leading to a possibility of the experimental analysis of
the SEAWs.
Moving towards applications of the SEAWs, in this
paper, we study a possibility of existence of the surface
SEAWs (SSEAWs) and their properties. Surface waves
in plasmas were studied long time ago [15]-[25]. However,
the zero-sound mode, which is well-known for the bulk
degenerate perturbations of fermions (see for instance
[26] and [27]), was just recently described for the half
space regime [28], [29]. Collisional and collisionless Lan-
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FIG. 1: (Color online) The figure shows the half spaced
magnetically ordered material considered to find the surface
SEAWs.
dau damping of the surface Langmuir waves in the de-
generate electron gas are considered in [30]. There is still
the fundamental interest to the quantum effects caused
by the quantum Bohm potential in surface plasma waves
[31]-[35].
To find the SEAW a new method called the separate
spin evolution quantum hydrodynamics (SSE-QHDs) was
developed in Ref. [5]. This method is a generalization
of usual spin-1/2 QHD developed in Refs. [36], [37], [38]
(some applications are described in review [39]). A gen-
eralization of the SSE-QHD was developed in Ref. [40],
where the spin current evolution equation was derived in
terms of separate evoltion of spin-up and spin-down elec-
trons. The SSE-QHD was developed in Ref. [5], however
it does not consider the thermal part of the spin current.
The thermal part of the spin current was recently derived
2in Ref. [41] for the degenerate electron gas, where the
thermal part of the spin current is reduced to the Pauli
blocking contribution, similarly to the Fermi pressure.
We do not present full set of the SSE-QHD here, we
restrict our presentation with the linearized equations
for the wave propagating parallel to the boundary sur-
face. Full set of the SSE-QHD equations can be found
in Refs. [5], [6]. To describe the surface SEAWs we
need the continuity and Euler equations for the separate
spin evolution of the spin-up and spin-down electrons.
Corresponding linearized and Fourier transformed set of
equations arises as ωδns = n0skzδvsz , −mn0sωδvs +
(6pi2)
2
3n
2
3
0sh¯
2kzδnsez/3m = qen0sδE we solve the hy-
drodynamic equations in each half space independently.
We consider them together with the Maxwell equations
ωδBy = kzδEx+ ı∂xδEz , ωδEx = kzδBy+4piı(n0uδvux+
n0dδvdx), and ωδEz = ı∂xδBy + 4piı(n0uδvuz + n0dδvdz)
solved in whole space.
We consider the following equations of state
for the spin-up and spin-down electrons Ps =
(6pi2)2/3n
5/3
0s h¯
2/5m. These equations include the defor-
mation of the Fermi step distribution under the action of
the external magnetic field or the strong exchange inter-
action in the magnetically ordered materials.
The effect of spin polarization on the Fermi pressure
has been considered in literature in the application to the
wave phenomena in the single fluid model of electrons
[27], [42] and the two-fluid model [5], [7], [8].
We consider the regime of zero magnetic field and as-
sume that the partial spin polarization of conducting
electrons in magnetic materials is caused by inner equi-
librium effects like the exchange interaction. To describe
the main properties of the SSEAWs we consider a surface
of the ferromagnetic or ferrimagnetic materials contain-
ing the conducting electrons with the partial spin polar-
ization as it is shown in Fig. 1.
Our model works if both subspecies of electrons are
degenerate: T ≪ TFu, TFd, where T is the temperature
of the system and TFs = (6pi
2n0s)
2/3h¯2/2m are the Fermi
temperatures for the spin-up and spin-down electrons. It
gives a restriction on the large spin polarizations η =
|n0d−n0u|/(n0d+n0u), since TFu would be very small and
system could be described at low temperatures only. At
the high spin polarization contributions of the Coulomb
exchange interaction between the conductivity electrons
and ion dynamics also affect evolution of electrons. The
concentration of conductivity electrons in metals is large
n0 ∼ 1022 cm−3, hence at the spin polarization η below
η0 = 0.99 we can consider temperatures in area from 10
K to 300 K.
Hydrodynamic equations give the following expres-
sions for the velocity field in terms of the electric
field perturbation δvsx = −(e/m)ıδEx/ω, and δvsz =
−(e/m)ıωδEz/(ω2 − k2zU2s ), where U2s = h¯
2
3m2
e
(6pi2n0↑)
2
3 .
These formulae can be substituted to the Maxwell equa-
tions to find an equation for electromagnetic field in our
system.
At the zero external magnetic field and zero spin polar-
ization the dielectric permittivity arises as a diagonal ten-
sor with the following nonzero elements εxx = εyy 6= εzz.
If we include the spin polarization the structure of the
dielectric tensor is the same, but the explicit form of εzz
modifies becoming more complex:
εud ≡ εzz = 1− ω
2
Lu
ω2 − k2zU2u
− ω
2
Ld
ω2 − k2zU2d
, (1)
while
ε ≡ εxx = εyy = 1− ω
2
Le
ω2
(2)
is not changed. Here ω2Ls = 4pie
2n0s/m are the partial
Langmuir frequencies, with s = u, d for the spin-up and
spin-down electrons, and ω2Le = 4pie
2n0e/m is the full
Langmuir frequency, n0 = n0u + n0d is the full equilib-
rium concentration of the electrons. Difference of the
equilibrium concentrations arises due to the spin polar-
ization η, hence n0u = (1−η)n0/2 and n0d = (1+η)n0/2.
The surface waves under consideration are described
by
c2∂2xδEz + ω
2
εud
ε
(
ε− k
2c2
ω2
)
δEz = 0. (3)
It describes waves of E-type. In vacuum, at x < 0, we
have εud = ε = 1
Equation (3) gives the following solution for left and
right half-spaces:
δEz =
{
C1 exp
(
−
√
εud
ε k
2
z − εud ω2c2 x
)
, x > 0
C2 exp
(√
k2z − ω2c2 x
)
, x < 0.
(4)
Boundary conditions are the continuity of δEz and δBy
{δEz} |x=0= 0, {δBy} |x=0= 0. (5)
The linearized Maxwell equations presented above give
the following relation between δBy and δEz:
δBy =
ıc
ω
ε
ε− k2c2ω2
∂xδEz . (6)
Condition {δEz} |x=0= 0 leads us to C1 = C2. The fol-
lowing application of the condition {δBy} |x=0= 0 gives
the following dispersion equation:
√
k2zc
2 − ω2 + ε
√
εud
ε
√
k2zc
2 − εω2 = 0. (7)
This equation has real solutions if ε < 0 and εud < 0.
Dispersion equation (7) arises at the application of the
full set of the Maxwell equations. Coupling of waves
appears in the limit of the large wave vectors k as we show
it below at the numerical analysis. Hence, it corresponds
3to the quasi-electrostatic regime. We can simplify the
dispersion equation (7) in this regime to 1− εεud = 0.
Equation 1−εεud = 0 is a generalization of the disper-
sion equation existing for unpolarized degenerate electron
gas, in the quasi-electrostatic regime,
1−
(
1− ω
2
Le
ω2
)(
1− ω
2
Le
ω2 − 1
3
v2Fek
2
)
= 0, (8)
which has the following solution ω2 = 0.5(ω2Le+v
2
Fek
2/3).
Usually we have two branches of dispersion dependence
of the surface waves, since the hydrodynamics does not
describe the zero sound. One of them is the Langmuir
wave, which is highly nonlongitudinal wave in contrast
with its bulk analog. Its frequency tends to kc at k →
0. In the opposite limit of large wave vectors k → ∞
(its frequency tends to ωLe/
√
2 if we drop the pressure
contribution) this wave become longitudinal and can be
described in the quasistatic limit. The second branch
is the analog of the three dimensional electromagnetic
wave.
Separate spin evolution leading to equation (7) gives
three branches of the dispersion dependence. New branch
is related to the spin polarization. It is the surface
SEAWs or surface spelnons, similar to the bulk SEAWs
considered in Refs. [5], [6].
Fig. 2 shows that at rather large spin polarization the
SEAW dispersion dependence lies below the Langmuir
wave. Decrease of the spin polarization increases the fre-
quency of the SEAW. Thus, we find crossing of the disper-
sion dependencies of the Langmuir wave and the SEAW,
which leads to the hybridization of their spectrums as
it shown in Fig. 3. In figures we use the dimensionless
frequency Ω ≡ ω/ωLe and the dimensionless wave vector
κ = vFekz/(ωLe
√
3), where vFe = (3pi
2n0)
1
3 h¯/m is the
Fermi velocity.
Analytical solutions for the Langmuir wave and the SEAW can be found in the quasi-electrostatic limit
ω2 =
1
4
{
ω2Le + k
2
z
[
U2u
(
n0 + n0d
n0
)
+ U2d
(
n0 + n0u
n0
)]
±
√√√√[ω2Le + k2z
[
U2u
(
n0 + n0d
n0
)
+ U2d
(
n0 + n0u
n0
)]]
− 8k4zU2uU2d − 8k2z(ω2LuU2d + ω2LdU2u)
}
. (9)
At the small wave vectors we numerically find the lin-
ear dispersion dependence for the surface SEAWs. There-
fore, we find an approximate analytical solution of equa-
tion (7) for this regime
Ω2 =
1
2
[(1− η)(1 + η) 23 + (1 + η)(1 − η) 23 ]ξ2, (10)
which coincides with the dispersion dependence of the
bulk SEAWs in the small wave vector regime.
Numerical analysis shows that the Fermi pressure and
the spin separation do not affect the high frequency elec-
tromagnetic wave. The separate spin evolution does not
affect it either. On the other hand spin separation could
affect other branches. For instance the surface Langmuir
waves is affected by the modification of the Fermi pres-
sure at the spin polarization.
The spin polarization increases the Fermi pressure
contributing as Ppol = Pu + Pd = 0.5[(1 + η)
5/3 +
(1 − η)5/3]PFe (see [5], [27], [42]), where PFe =
(3pi2)2/3n
5/3
0
h¯2/5m is the Fermi pressure at the zero spin
polarization. At the full spin polarization Ppol increases
up to 1.6 · PFe. Therefore, it increases the frequency of
the surface Langmuir wave.
We can explicitly see this effect in Fig. 2. It reveals in
the shift of the dashed blue line from the continuous red
line.
For small spin polarization this effects rather small.
Consequently, we see coincidence of the continuous red
line and dashed red line in Fig. 3 at the large wave vectors
k.
The area of the spectrum hybridization is located at
the wave vectors κ ≈ κ0 = 1. Hybridization reveals in
the fact that the Langmuir wave branch at κ≪ κ0 fuses
with the SEAW wave branch at κ ≫ κ0 and the SEAW
branch at κ ≫ κ0 continuously turn in the Langmuir
wave branch at κ ≪ κ0. Switching of branches happens
at κ ≈ κ0. Branches of the Langmuir waves and the
SEAWs would cross each other, but interaction of waves
changes the structure of the spectrum.
Area of hybridization of the spectrum of two waves
shows an area of strong interaction of these waves. In
this area two waves are similar to two bound pendulums.
Excitation of one of waves with κ ≈ κ0 leads to the en-
ergy transition to the second wave. Thus, excitation of
the Langmuir waves and the increase of their energy to
reach point (k0, ω(k0)) allows to generate the SSEAWs.
This is the first report on the possibility of the SEAW
generation, while several papers have been published to
describe properties of two- and three-dimensional SEAWs
4FIG. 2: (Color online) This figure describes the spectrum
of the surface waves in the partially spin polarized electron
gas. The three dashed lines show the dispersion dependencies.
The slightly visible branch located close to the vertical axis
describes the electromagnetic surface wave in the half-space
plasmas. Its frequency grows very fast at the increase of the
wave vector relatively to other waves and it is not affected
by the effects considered in this paper. The continuous line
presents the surface Langmuir wave with no account of the
spin polarization in the Fermi pressure. The blue dashed line
above it describes the Langmuir wave with the account of
the spin polarization. The lowest dashed line describes the
SSEAW. At the small wave vectors the Langmuir wave have
well-known linear spectrum ω ≈ kc.
FIG. 3: (Color online) The figure shows the spectrum of the
surface waves, but for smaller spin polarizations, in compare
with Fig. 2. Here we present a regime of hybridization of
spectrum of the Langmuir and spin-electron acoustic waves.
[5], [6], [8], [10].
The SEAWs are longitudinal waves, where concentra-
tion of the spin-up and spin-down electrons oscillate with
opposite phase. It leads to the local collective motion of
the spin-up and spin-down fluids in opposite directions
and may be considered as a spin wave in the electron gas.
Mostly, consideration of spin waves are related to the
magnetic moments of lattice containing bound electron
on unfilled d and f shells, even at the analysis of conduct-
ing materials. The SEAWs are examples of spin waves
in the polarized electron gas along with other transverse
spin waves reported in Refs. [38], [41].
Surface spelnons simultaneously show similarity and
difference to the plasmons. Both of them have linear
spectrum at the small wave vectors. However, plasmons
dynamics is related to the electrodynamic effects and
their phase velocity is close to the speed of light. Sur-
face plasmons strongly interact with the small frequency
light ω < ωLe, which cannot penetrate in metals. Spel-
nons are also related to the electron oscillations, but the
spelnons are longitudinal even at k → 0. Judging on
this property they show similarity to phonons (see an ex-
ample of resent work on phonons [43]), but the spelnons
have intermediate phase velocities csn ∼ 0.01c. Having
spin nature and having intermediate properties between
phonons and surface plasmons the spelnons become po-
tentially useful and interesting subject of research.
Hybridization of the dispersion branches occurring at
the linear wave coupling is a widely spread phenomenon
[44]. It happens in many cases including plasma physics
[45], [46], appearance of exciton-polaritons in semicon-
ductors [47], [48], metamaterials [49]. As we have shown
above the SSEAWs in the spin polarized electron gas
of ferromagnetic materials reveals a hybridization of the
spectrum either.
In conclusion we want summarize that we described
spectrum of collective excitations in the half spaced par-
tially spin polarized electron gas of magnetically ordered
materials containing the spin-electron acoustic wave and
found regime of hybridization of the Langmuir wave and
SEAW. We stress attention that strong interaction of
waves in area of hybridization of wave dispersion depen-
dencies leads to the energy transition from the Langmuir
wave to the SEAW. It gave a mechanism of generation of
the SSEAWs.
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